We present a self-consistent theory for odd nuclei with exact blocking and particle number and angular momentum projection. The demanding treatment of the pairing correlations in a variation-after-projection approach as well as the explicit consideration of the triaxial deformation parameters in a projection after variation method, together with the use of the finite-range density-dependent Gogny force, provides an excellent tool for the description of odd-even and even-even nuclei. We apply the theory to the Magnesium isotopic chain and obtain an outstanding description of the ground-state properties, in particular binding energies, odd-even mass differences, mass radii and electromagnetic moments among others.
In the last years there has been an important development in the description of even-even nuclei with effective interactions, in particular with the Skyrme, Gogny and relativistic [1] [2] [3] ones. The breakthrough has been possible by means of the beyond-mean-field theories (BMFT), namely by the recovery of the symmetries broken in the mean-field approach (MFA) and by the explicit consideration of large-amplitude fluctuations around the most probable mean-field values. The shape parameters (β, γ) [4] [5] [6] (and pairing gaps [7] [8] [9] ) were used as coordinates in the framework of the generator-coordinate method (GCM) and the particle-number (PN) and angular-momentum (AM) symmetries were recovered by means of projectors. These developments are called symmetry-conserving configuration mixing (SCCM) approaches and have been applied to even-even nuclei. Methods based on the Bohr collective Hamiltonian have also made large progress lately [10] [11] [12] .
Odd nuclei, on the other hand, are far more complicated to deal with. Even at the mean-field level like in the Hartree-Fock-Bogoliubov (HFB) or BCS theories, odd nuclei are numerically cumbersome and to calculate ground states one must try several spins, parity, etc. Furthermore, the blocked structure of the wave function entail the breaking of the time-reversal symmetry and triaxial calculations must be performed. The SCCM developments have taken place for even-even nuclei and it seems natural to extend these approaches to odd-even and odd-odd nuclei. As a matter of fact angular-momentum projected calculations for odd-A nuclei started long ago, though they have been mostly performed on HF or HFB states in small valence spaces [13] [14] [15] [16] [17] . More recently a GCM mixing based on parity and AM-projected Slater determinants in a model space of antisymmetrized Gaussian wave packets has been carried out in the frameworks of fermionic [18] and antisymmetrized [19, 20] molecular dynamics. In the latter calculations, however, the pairing correlations are not treated properly. A first extension of BMFT from even to odd nuclei with the Skyrme force has been done recently in Ref. [21] .
The purpose of this Letter is to report on the first systematic description of the odd and even nuclei of an isotopic chain in a symmetry-conserving approach with the Gogny force in a BMFT considering the (β, γ) degrees of freedom explicitly and dealing optimally with the pairing correlations. Our approach considers exact triaxial self-consistent blocking and exact particle number and angular momentum conservation. As an illustration of our approach we have chosen the Magnesium isotopic chain for which there is abundant experimental data. Basic properties like odd-even mass differences, magnetic and quadrupole moments as well as mass radii, among others, are investigated.
Our starting approach is the HFB theory [22] . As a mean-field approximation the HFB wave function |φ is a product of quasi-particles α ρ defined by the general Bogoliubov transformation
where c † µ , c µ are the particle-creation and -annihilation operators in the reference basis, in our case the Harmonic Oscillator one. U and V are the Bogoliubov matrices to be determined by the Ritz variational principle.
In our approach we have imposed three discrete selfconsistent symmetries on our basis states {c † µ , c µ }: spatial parity,P , simplex, Π 1 =P e −iπJx and the Π 2 T symmetry, with Π 2 =P e −iπJy and T the time reversal operator. The first two symmetries provide good parity and simplex quantum numbers and the third allows to use only real quantities. The simplex symmetry furthermore allows to characterize the blocking structure of odd and even nuclei [23, 24] . Our basis is symmetrized in such a way that
with k = 1, ..., M and 2M the dimension of the configuration space. We use latin indices to distinguish the levels according to their simplex, {k, l, m} for simplex +i and {k, l, m} for simplex −i. The greek indices µ, ρ, on the other hand, do not distinguish simplex and run therefore over the whole configuration space. If we further assume that the intrinsic wave function is an eigenstate of the simplex operator, then, for a paired even-even nucleus half of the quasiparticle operators α † µ , have simplex +i and the other half have simplex −i, i.e., Eq. (1) separates in two blocks :
with m = 1, ..., M in an obvious notation. The wave function of the ground state of an even-even nucleus is given by
with |− the particle vacuum. The quasiparticle vacuum |φ is obviously defined by
The ground state of an even-even nucleus has simplex +1. The quasiparticle excitations
correspond to odd-even nuclei. They can be written as vacuum to the quasiparticle operatorsα ρ ,
The 2M operators {α † ρ } are obtained from the set {α † µ } by replacing the creation operator α † ρ1 by the annihilation operator α ρ1 , the other 2M − 1 operators remain unchanged. 1 The quasiparticle operators that annihilate trivially the particle vacuum are to be omitted from the product.
The simplex of the state |φ is given by Π 1 |φ = i n |φ , where we have introduced the blocking number n. It is n = 1 if α † ρ1 has simplex +i and n = −1 if α † ρ1 has simplex −i. The unblocked wave function |φ is vacuum to M operators with simplex +i and to M with simplex −i. The blocked wave function |φ is vacuum to M + = M − n operatorsα † m with simplex +i and to M − = M + n operators α † m with simplex −i.
The matrices (Ũ + ,Ṽ + ,Ũ − ,Ṽ − ) are rectangular with M rows and M + or M − columns and according to the trans-
by the corresponding columns exchange.
Though the state |φ has the right blocking structure, since the Bogoliubov transformation mixes creator and annihilator operators and states with different angular momenta, |φ is not an eigenstate of the PN or the AM operators. As with even-even nuclei, to recover the particlenumber symmetry one has to project to the right quantum numbers, see [22] . The easiest way would be to minimize the HFB energy, i.e., determine (Ũ ,Ṽ ) and then perform the projections, i.e. the so-called projection-after-variation (PAV). The optimal way is to determine (Ũ ,Ṽ ) directly from the minimisation of the projected energy, i.e, the variation-after-projection (VAP) method. From even-even nuclei one knows that PN-VAP is feasible while AM-VAP is very CPU-time consuming. The approach of solving the PN-VAP variational equation to find the self-consistent minimum and afterwards to perform an AM-PAV is not very good because the AMP is not able to exploit any degree of freedom of the HFB transformation and selfconsistency with respect to the AMP is not guarantied. An intermediate way is to perform an approximate AM-VAP approach by solving the variational PN-VAP equation for a large set of relevant physical situations as to cover the sensitive degrees of freedom. Afterwards an AM-PAV to this set of wave functions will determine the absolute minimum among these states for different angular momenta. Usually it is believed that the strongest energy dependence of the nuclear interaction is related to the deformation parameters (β, γ) and we will consider them as the additional degrees of freedom. Notice that this method guarantees, at least, AM-VAP self-consistency with respect to these relevant quantities. Therefore, in order to obtain a grid of wave functions we solve the PN-VAP constrained equations
with the Lagrange multiplier λ q0 and λ q2 being determined by the constraints
The relation between (β, γ) and (q 0 , q 2 ) is given by β = 20π(q 2 0 + 2q 2 2 )/3r 2 0 A 5/3 , γ = arctan( √ 2q 2 /q 0 ) with r 0 = 1.2 fm and A the mass number.
In this work we are interested in the odd-even Magnesium isotopes. We therefore consider wave functions of the form
According to the isospin and parity we have four blocking channels: protons (neutrons) of positive or negative parity. Since Magnesium isotopes have Z = 12, we restrict ourselves to the neutron channels. Notice that in the running product of Eq. (11), orbitals with the same parity are occupied pairwise, therefore the parity, π, of the state |φ is given by the parity of the blocked level α † ρ1 . One can furthermore block a state with positive or negative simplex, but since we do not break time reversal explicitly both possibilities are degenerated.
The minimization of Eqs. (9-10) is performed with the conjugated-gradient method [25] . The blocking structure of the wave function of Eq. (11) is a self-consistent symmetry and for a given blocking number we determine the lowest solution in the blocked channel compatible with the imposed constraints. That is, it does not matter which level is initially blocked, at the end of the iteration process the PN-VAP energy and the HFB wave function are independent of this election.
The next step is the simultaneous particle-number and angular-momentum projection (PNAMP) of each state |φ π (β, γ) that conforms the (β, γ) grid,
where the coefficients g I Kσ are variational parameters. They are determined by the energy minimization which provides a reduced Hill-Wheeler-Griffin [26] equation
where H N,I,π KK and N N,I,π K,K are the Hamiltonian and norm overlaps defined by
The presence of the norm matrix in Eq. (13) is due to the non-orthogonality of the states |IM K, π, N, (β, γ) . Eq. (13) is solved by standard techniques [22] . Notice that at each (β, γ) point one can have several eigenvalues E N,I,π σ labeled by σ, σ = 0 corresponds to the lowest solution.
The solution of Eqs. (13) in the (β, γ) grid for different angular momenta and parity provides E N,I,π σ (β, γ) as a function of (β, γ), I, π and σ. This energy can be written as 
on the other hand, does and can be interpreted as a probability amplitude.
In the calculations the intrinsic many body wave functions |φ(β, γ) are expanded in a Cartesian harmonic oscillator basis and the number of spherical shells included in this basis is N shells = 8 with an oscillator length of b = 1.01A 1/6 . The (β, γ) grid of equilateral triangles contains 116 points. The angular momentum projection has been done with the set of integration points in the Euler angles (
The number of points to perform the integral of the particle-number projection is 11. In the calculations we use the Gogny interaction [27] with the D1S parameterization [28] . We consider all exchange terms of the interaction, the Coulomb force and the two-body correction of the kinetic energy to avoid problems with the PNP [29] . Concerning the density dependence of the force we adopt the projected density prescription for the PNP and the mixed one for the AMP, for further details see for example Ref. [3, 5] .
To illustrate the method we have applied the discussed theory to the calculation of the bulk properties of the Magnesium isotopes. Towards this end we have to determine the wave function of the ground state of each isotope. This is done in the following way.
Step 0: We choose a parity (positive for example) for the blocked state in Eq. (11). Next we solve the PN-VAP variational equations Eqs. (9, 10) for all (β, γ) values of the grid. This step provides a set of wave functions |φ π (β, γ) (P N |φ π (β, γ) ) with the right parity (and particle number). However, they are not eigenstates of the angularmomentum operator.
Step 1.0: We choose a value for the angular momentum, 1/2 for example. We now solve Eq. (13) for all |φ π (β, γ) Step 2: We repeat steps 0, and 1 for the other parity (negative).
When this step is completed we have determined the corresponding PESs, the deformation parameters of the minima and the energies E min ) characterized by these quantum numbers determines the wave function of the ground state which will be used to calculate electromagnetic properties, radii and so on.
Before considering the ground-state properties let us discuss the PESs of the different isotopes since they allow to determine the quality of the approach and in particular if the energy minimum is well defined.
In Fig. 1 we present contour lines of the PES E N,I,π σ=0 (β, γ) in the (β, γ) plane for the I π of the ground state for the Mg isotopes. Let us first mention that the predicted spins and parities coincide with the experimental values in all cases. Interestingly all nuclei are triaxial with γ values ranging from 10
• to 25
• , and have large β deformations. Since most minima are very well defined we can conclude that our approach of keeping only one point of the (β, γ) plane works very well for most nuclei. The softest nucleus is 20 Mg where a GCM in the (β, γ) could be performed, which, in general, would lead to smaller deformation than the one quoted here. In Table 1 the (β, γ) values of the ground states are listed. For a better understanding of our results we use the collective wave function, Eq. (17), to obtain the |K| distribution of the odd neutron. The |K| component with the largest weight is listed in Table 1 and it turns out that these wave functions have rather pure |K|. This purity, in spite of the, sometimes, large tri- axiality has been also observed for even-even nuclei (see Table I of Ref. [5] ) for the ground state band. The absence of K-mixing is probably due to the low level density of light nuclei. Furthermore we analyze the intrinsic HFB wave function |φ π (β, γ) in the canonical basis what provides information on the quantum numbers of the blocked state for odd systems. To guide the discussion we will use a Nilsson plot, see Fig. 2 for the particular case of 30 Mg. We will furthermore use in our analysis the particle plus rotor (PR) model. Let us first discuss the spin values and parities. In the PR model, and according to the deformations of the Mg isotopes, one expects to be in the strong-coupling limit (strong deformations), in which case the lowest possible spin is I σ=0 = K, or in the decoupling limit (intermediate deformations), in which case I σ=0 = j. According to Table 1 and with the experimental data. This is a bit surprising since the β value is rather large and in principle one would expect the strong coupling limit. A look at the experimental data reveals that the I = |K| = (6) -- Table 1 : The 2nd and 3rd columns display the spin and parity and the β, γ deformations of the ground state of the different isotopes. Notice that only 33 Mg has a ground state with negative parity. The 4th column shows the experimental β deformation taken from Refs. [42, 43] . The 5th column lists the |K| component with the largest weight in the wave function, see Eq. (17), with the percentage of this |K| value in the total wave function. The 6th column provides the theoretical spectroscopic quadrupole moments, in efm 2 .
perimental value. In the case of 29 Mg we have |K| = 1/2 and the odd neutron sits in the orbital [200 1/2]. Since its deformation is β = 0.37, smaller than the one of 21 Mg, we expect also in this case the decoupling limit value of I = 29 Mg. However, in this nucleus the deformation is β = 0.60. We are in the strong-coupling limit, and expect therefore I = K = 1 2 in coincidence with the theoretical and the experimental values. All these nuclei have the unpaired nucleon in the 2s or the 1d shells and have positive parity. Our last odd nucleus, 33 Mg, has |K| = 3/2, the last neutron sits in the [321 3/2] orbital and it has a large deformation. We expect therefore I = |K| = We now discuss the shapes of the nuclei. The nucleus 20 Mg has a neutron shell closure at N = 8 and therefore one expects a smaller deformation than for the heavier isotopes. The same behaviour is expected for 21 Mg with just one neutron outside the closed shell. The isotopes there is only one neutron, indicating the beginning of the inversion island [30] . For heavier isotopes the up-sloping character of the [202 3/2] orbital at larger deformations will favour the filling of the [321 3/2] orbital of the f 7/2 shell, driving these isotopes to even larger deformations as we obtain for the 32−34 Mg isotopes. As mentioned, all analysed Mg isotopes are triaxial and, with the exception of 26 Mg, rather soft towards the prolate axis, i.e., contour lines less than 1 MeV cross the prolate axis. These nuclei, because of their large β values, are much harder towards oblate shapes. The softest ones are those with the smallest deformation parameter β, namely 26, 27 Mg and 29, 30 Mg for which the contour lines less than 2 MeV cross the oblate axis. Furthermore, the experimental deformations listed in Table 1 are in good agreement with the theoretical values. Notice, however, that at variance with our values, the experimental deformations have been extracted from E2 transition probabilities, see Refs. [42, 43] .
We now discuss relevant properties of the ground states. In panel (a) of Fig. 3 we present the theoretical binding energies per particle for the Mg isotopes together with the experimental ones versus the mass number. The theoretical binding energies have been obtained from the energy minima of the corresponding ground state PESs. The theory line follows very closely the general behaviour of the experimental one. We obtain overbinding which is due to the fact that we are using the D1S parameterisation of the Gogny force which was fitted to reproduce experimental data with the HFB method. Though the authors of Ref. [27] left some room for eventual BMF effects apparently this was not sufficient, see also Refs. [32, 33] . One should furthermore consider that the 8 harmonic oscillator shells used in the calculations are alright to provide relative but not absolute energies for which a larger number of shells is needed, see Ref. [33, 34] . Based on these references one can estimate that an additional overbinding of 2.3 to 2.7 MeV should be added to the results of the present calculations.
In this plot one can appreciate the odd-even staggering in the two parabolas, one for even-even and another for the odd-even isotopes, obtained both in the experiment and in the theory. The parabola maximum at A = 26 corresponds to the neutron half-shell, N = 14, which provides maximal binding per particle. In panels (b) and (c) we present the one-and two-neutron separation energies, respectively. For S n , with the exception of two isotopes, 22, 24 Mg, we obtain an extraordinary agreement between the theoretical results and the experimental data. The small disagreement observed for the nuclei 22, 24 Mg is probably related to the fact that proton-neutron pairing is not included in our calculations. Therefore, we find the largest discrepancy in 24 Mg corresponding to the N = Z = 12 case. For 22 Mg the disagreement is smaller and for 26 Mg, with the neutron 1d 5/2 subshell closure, the p-n pairing looses relevance. In the S 2n case the excellent agreement is maintained but now with the exception of the isotopes 22−25 Mg for which the agreement is not as good as for the others. The small plateau found at A = 26, 27 is due to the be-haviour observed at the top of the parabola in panel (a).
In our approach the pairing correlations are treated specially well. First, the finite range density dependent Gogny force used in the calculations is considered to be one of the best to describe pairing correlations and used as benchmark in many calculations. Second, the use of the PN-VAP approach avoids the pairing collapse in the weak pairing regime which is normally observed in the case of odd-even nuclei. And third, the Coulomb anti-pairing effect (CAP) is taken into account since all exchange terms of the force, in particular the Coulomb ones, are considered in our calculations. A quantity which allows to extract information on the pairing energies from the experimental nuclear mass is the odd-even mass difference. In the three point approach this magnitude is given by
with the proton number Z a constant even number and B(A) a positive number. In Fig. 4 we plot ∆ 3 0 (A) for the Mg isotopes as a function of the mass number. The points above the horizontal line correspond to the oddeven nuclei and those below to the even-even ones. On average the odd-even nuclei have about 0.5 MeV less pairing than the even-even ones. The agreement between the theoretical results and the experimental data is excellent, specially for the heavier isotopes. For the lighter nuclei, in particular 21 Mg and 23−24 Mg, the theoretical results are a bit smaller, in absolute value, than the experimental ones. This is again a consequence of the mentioned absence of p-n pairing in our calculations.
Another relevant quantity is the nuclear radius. In Fig. 5 the experimental mass radii [35] corresponding to point mass nucleons 2 are plotted together with the theoretical results. In the calculation of the mass radius we consider the one-body term of the center-of-mass correction. The theoretical results reproduce very well the overall experimental behaviour. One can distinguish three well differentiated regions. We first observe a rather flat behaviour of the mass radius for 24−26 Mg in which the increase of the neutron radius with filling the neutron 1d 5 2 orbital is compensated by a compression of the charge distribution. This effect has been observed in the Ne [36, 37] and in the Mg isotopes [38] . Though with the filling of the 2s 1 2 orbital one would expect an increase of the mass radius, it seems that the mentioned compensation persists also for 27 Mg. The second region corresponds to the nuclei 28−30 Mg, where we observe a clear increase of the mass radius associated with two neutrons in the 2s 1 2 or 1d 3 2 orbitals. The third region, for A ≥ 31 is marked by the beginning of the inversion island in 31 Mg [30] and the rise in the mass radius observed for A ≥ 31 is associated with the increasing occupation of the 1f 7 2 orbital. Concerning the spectroscopic quadrupole moments of these nuclei they have been listed in Table 1 . Experimen- Figure 4 : Odd-even mass differences according to Eq. (18) . The experimental data are from Ref. [31] . tally there are only two known values, namely, 11.4 (2) [40] . Both values are somewhat smaller than the theoretical predictions 13.89 efm 2 and 22.47 efm 2 , respectively. Concerning the magnetic moments there are more experimental data and these, together with the theoretical values, are plotted in Fig. 6 . In the calculations we have used the free gyromagnetic factors. We have also plotted the Schmidt values calculated with the occupations determined in the discussion of Fig. 1 . As expected, due to the large deformations of these nuclei, the Schmidt values provide a poor description. For 21−27 Mg the Schmidt value is −1.9µ N and the experimental data are about half of it. The relatively good agreement of the Schmidt with the experimental value for 29 Mg is probably due to the fact that this nucleus is the less deformed of all discussed isotopes. According to the occupation of the last nucleon 31 Mg should have the same Schmidt magnetic moment as 29 Mg. In contrast with the latter the experimental value for 31 Mg, however, differs significantly from the Schmidt value. This is probably due to the fact that 31 Mg is far more deformed (β = 0.60) than 29 Mg (β = 0.37) and therefore further away from the spherical limit. For 33 Mg, as for the lighter isotopes, the Schmidt value is about twice as large as the experimental data. Concerning our theoretical results we observe that our values not only reproduce the tendency of the experimental data but that they are very close to them providing in some cases quantitative agreement.
Mg Isotopes
In conclusion, we have presented a novel approach with exact conservation of angular momentum and particle number to describe odd-even nuclei. We have applied this theory to the description of ground-state properties of the Magnesium isotopic chain with the effective Gogny force. The results are in very good agreement with the experimental bulk properties, energy gaps and electromagnetic moments. 
